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The cooperation between non-Hermiticity and interaction brings about a lot of counterintuitive
behaviors, which are impossible to exist in the framework of the Hermitian system. We study the
effect of a non-Hermitian impurity on the Hubbard model in the context of η symmetry. We show
that the non-Hermitian Hubbard Hamiltonian can respect a full real spectrum even if a local non-
Hermitian impurity is applied to. The balance between dissipation of single fermion and on-site pair
fluctuation results in a highest-order coalescing state with off-diagonal long-range order (ODLRO).
Based on the characteristic of High-order EP, the critical non-Hermitian Hubbard model allows the
generation of such a steady superconducting-like state through the time evolution from an arbitrary
initial state, including the vacuum state. Remarkably, this dynamic scheme is insensitive to the on-
site interaction and entirely independent of the locations of particle dissipation and pair fluctuation.
Our results lay the groundwork for the dynamical generation of a steady ODLRO state through the
critical non-Hermitian strongly correlated system.
I. INTRODUCTION
In recent years, nonequilibrium dynamics induced
by dissipation exhibits intriguing properties. As an
effective description, the non-Hermitian Hamiltonian
arises when the system experiences dissipation to an
environment1,2. Recent years have seen a growing inter-
est in non-Hermitian descriptions of condensed-matter
systems which have not only extended the domain of
condensed-matter physics with inspiring insights3–19 but
also provided a fruitful framework to elucidate inelastic
collisions20, disorder effects9,14, and system-environment
couplings8,12,13. In particular, the interplay between
non-Hermiticity and interaction can give rise to ex-
otic quantum many-body effect, ranging from non-
Hermitian extensions of Kondo effect8,21, many-body
localization14, Fermi surface in coordinate space22, to
fermionic superfluidity11,23. It has been shown that
the cooperation between the non-Hermiticiy and interac-
tion can alter drastically the macroscopic behavior that
has been established in the Hermitian physics. Mean-
while, the generation of the superconducting-like states
that have been induced by dissipation has received great
attention24–28. However, these schemes rely on judicious
engineering of the system parameters to avoid thermal-
ization.
Exceptional points (EPs) are degeneracies of non-
Hermitian operators where the corresponding eigenstates
coalesce into one state leading to a incomplete Hilbert
space29–32.The peculiar features around EP have sparked
tremendous attention to the classical and quantum pho-
tonic systems. The corresponding intriguing dynami-
cal phenomena include asymmetric mode switching33,
topological energy transfer34, robust wireless power
transfer35, and enhanced sensitivity36–39 depending on
their EP degeneracies. Notably, the high-order EP with
N coalescent states (EPN) attract much more interest re-
cently. Many works have been devoted to the formation
of the EPN and corresponding topological characteriza-
tion in both theoretical and experimental aspects40–43.
Given the above two rapidly growing fields, namely, the
non-Hermitian interacting system and dynamics of the
EP, we are motivated to examine how non-Hermiticity
impacts on the interacting system, especially the dynam-
ics when the high-order EPs of the interacting system
presents. In this paper, we uncover the effect of coop-
eration between particle dissipation and pair fluctuation
on the strongly-correlated system by concentrating on
the non-Hermitian Hubbard model. We show that the
considered interacting system can respect the full real
spectrum even no obvious symmetry presents. Remark-
ably, we find that a balance local non-Hermitian impu-
rity can induce the formation of high-order EPs in the
spectrum in the way that degenerate states with differ-
ent symmetry of parent Hermitian system coalesce. The
η-pairing mechanism plays a vital role to achieve this
intriguing property. Based on the performance of the
system at EP, a scheme that produces a nonequilibrium
steady superconducting-like state is proposed. Specifi-
cally, for an arbitrary initial state even a vacuum state,
the critical system can drive it to the coalescent state that
favors superconductivity manifested by the off-diagonal
long-range order (ODLRO). Such a dynamical scheme
can be realized no matter where the local coupling is
applied and the correlation of the final steady state is
independent of the relative distance between the two
sites. Therefore, our finding is distinct from the pre-
vious investigations44,45, and offer an alternative mecha-
nism for generating superconductivity through nonequi-
librium dynamics. On the other hand, the remarkable
observation from our work can trigger further studies of
both fundamental aspects and potential applications of
critical non-Hermitian strongly correlated systems.
The rest of this paper is organized as followed. In
Section II, we present the general property of the con-
sidered non-Hermitian Hamiltonian especially focuses on
the mechanism of the formation of high-order EP. Section
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2III is devoted to demonstrating how a local coupling can
make the degenerate eigenstate coalesce. In Section IV,
the generation of the superconducting state based on the
critical non-Hermitian Hubbard model is proposed. Sec-
tion V concludes this paper. Some nonessential details
of our calculation are placed in the Appendix.
II. MODEL
We consider a non-Hermitian extension of Hubbard
model for two-component fermions. The Hamiltonian is
in the form
H = H0 +HI , (1)
H0 = −
∑
<i,j>
∑
σ=↑,↓
tijc
†
i,σcj,σ + H.c.
+U
2N∑
j=1
(
nj,↑ − 1
2
)(
nj,↓ − 1
2
)
, (2)
HI =
∑
j
hj · ηj , (3)
where hj = gj (λ, 0, iγ) with {gj} describing inhomo-
geneity and a set of arbitrary numbers, and the corre-
sponding η-operators are defined by
η+j = η
x
j + iη
y
j = (−1)j c†j,↑c†j,↓, (4)
η−j = η
x
j − iηyj = (−1)j cj,↓cj,↑, (5)
ηzj =
1
2
(nj,↑ + nj,↓ − 1) , (6)
obeying the Lie algebra, i.e., [η+j , η
−
j ] = 2η
z
j and [η
z
j ,
η±j ] = ±η±j . Here ci,σ is the annihilation (creation) op-
erator for an electron at site i with spin σ and ni,σ =
c†i,σci,σ. H0 is a standard Hubbard model on a bipartite
lattice where tij and U play the role of kinetic and in-
teraction energy scale; HI describes the non-Hermitian
impurity that consists of on-site pair fluctuation and
imaginary magnetic field, which can be achieved by cou-
pling the system to the environment and are within
the reach of both the ultracold atom46 and photonic
experiments27,47–50.
Now we turn to investigate the symmetry of the con-
sidered model. The Hamiltonian in Eq. (2) has a rich
structure due to the two sets of SU(2) symmetries it pos-
sesses. The first, often referred to as η symmetry, is cen-
tral to this paper and can be characterized by the gener-
ators η± =
∑
j η
±
j and η
z =
∑
j η
z
j . It relates to spinless
quasiparticles (doublons and holons) and can be inter-
preted as a type of particle-hole symmetry. The second
of these is spin symmetry, and the corresponding gener-
ator s can be obtained by replacing cj,↓ of Eqs. (4)-(6)
with (−1)j c†j,↓, that is
s+ = sx + isy =
∑
j
c†j,↑cj,↓, (7)
s− = sx − isy =
∑
j
c†j,↓cj,↑, (8)
sz =
1
2
∑
j
(nj,↑ − nj,↓) . (9)
It can be readily seen that the operators in Eqs. (4)-
(6) fulfill the relations [H, η±] = [H, ηz] = 0 and com-
mute with all the generators of the spin symmetry. The
presence of HI spoils two such SU(2) symmetries. How-
ever, the two Hamiltonians H0 and HI commute with
each other when the interacting strength gj is homo-
geneous such that HI can be treated as g (λη
x + iγηz).
As such the two Hamiltonians shares the common eigen-
states. Although the two Hamiltonians commutes with
each other, HI profoundly changes the energy spectrum
of the whole system due to the emergence of EPN, which
is distinct from the Hermitian case. In this paper, we
focus on the subspace spanned by the η-pairing state∣∣ψNη〉 = Ω−1 (η+)Nη |Vac〉, where |Vac〉 is a vacuum
state with no electrons and Nη is the number of η pairs.
What makes the state
∣∣ψNη〉 is special is the fact that
it has been shown to have off-diagonal long-range order
(ODLRO) in the form of doublon-doublon correlations,
〈ψNη |η†i η−j
∣∣ψNη〉 = const, (i 6= j). The nonzero value of
such quantity implies both the Meissner effect and flux
quantization and therefore provides a possible definition
of superconductivity51. These states are the 2N + 1 fold
degenerate eigenstates of both H0 and η
2.52 Hence, all
these states can be expressed as {|N, l〉}, where N and l
are associated with the eigenvalues of η2 and ηz, i.e.,
η2 |N, l〉 = N (N + 1) |N, l〉 , (10)
ηz |N, l〉 = l |N, l〉 , l ∈ [−N,N ] , (11)
with |N, l〉 = Ω−1 (η+)N+l |Vac〉 and Ω =
√
CN+l2N . For
the homogeneous gj = g, the matrix of H in the doublon
invariant subspace has the form
Hdoub =
λg
2
N−1∑
l=−N
Jl |N, l〉 〈N, l + 1|+ H.c.
+
N∑
l=−N
(
NU
2
+ iγgl) |N, l〉 〈N, l| . (12)
with Jl =
√
(N − l)(N + l + 1). It describes a PT -
symmetric hypercube graph of 2N + 1 dimension53. The
EP at |λ| = |γ| divides the system into two different
phases: PT -symmetric broken (|λ| < |γ|) and unbroken
regions (|λ| > |γ|). The unique feature ofHdoub is that all
the eigenstates coalesce at |λ| = |γ| forming a high-order
EP with order of 2N + 1. The corresponding coalescent
3state is
|Φc〉 = ( i
2
)N
N∑
l=−N
√
CN+l2N (i)
l |N, l〉 , (13)
with Dirac normalization. If the system is initialized in
this invariant subspace, then all the dynamical property
of the system is solely determined by the non-Hermitian
Hamiltonian Hdoub. Specifically, when Hdoub respects
full real spectrum, the physical observable will show a
periodic oscillating behavior. This dynamic behavior will
be significantly changed when the critical non-Hermitian
impurity λg (ηx + iγηz) is applied, that is, any initial
state will be forced to evolve to the coalescent state. The
corresponding physical observable reflects the property
of such a state. This mechanism will be served as the
building block to investigate the ODLRO of the nonequi-
librium steady state.
III. LOCAL DISSIPATION AND PAIR
FLUCTUATION
In this section, we will demonstrate how does the lo-
cal impurity can dramatically change the structure of
the system. To proceed, we consider HI of Eq. (3) in
which the local impurities are applied to a part of lattice
sites. An extreme case is that the local dissipation is ap-
plied to one lattice site. Compared with the homogeneous
case, the η-pairing states {|N, l〉} cannot form an invari-
ant subspace due to the relation of [HI , H0] 6= 0. Con-
sequently, we cannot judge the EP of the whole system
only by the performance of HI . However, we can infer the
property of H by its counterpart H that can be obtained
by the transformation S = eiθηy with tan−1 θ = iγ/λ. It
represents a rotation in the ηx-ηz plane around ηy axis
by an complex angle θ determined by the strength of
local pair fluctuation and imaginary field. Notably, the
rotation operator is valid at arbitrary γ/λ unless at the
EP (γ/λ = ±1) of HI , where hj · ηj cannot be diagonal-
ized. Applying the transformation S, H is transformed
to H = H0 +
√
λ2 − γ2∑j gjζxj where the new set of
operators ζ±,zj = S−1η±,zj S also obey the Lie algebra,
that is [ζ+j , ζ
−
j ] = 2ζ
z
j and [ζ
z
j , ζ
±
j ] = ±ζ±j . Notice that
ζ±,zj 6= (ζ∓,zj )† owing to the complex angle θ. However,
the matrix form of H is Hermitian under the biorthogo-
nal basis of {S−1 |φ〉} and {S† |φ〉} when |λ| > |γ|, where
{|φ〉} represents all the eigenstates of ηz. It is worth
pointing out that such a transformation solely depends
on the ratio of γ/λ and hence the spectrum is entirely
real, even though a nonzero inhomogeneous gj presents.
Furthermore, it also indicates that the presence of the lo-
cal pair fluctuation and imaginary field breaks the SU(2)
symmetry of the system but remains the entirely real
spectrum without symmetry protection.
Now we investigate the effect of local term on the η-
pairing subspace. The Hermiticity of the matrix form of
H guarantees the validity of the approximation meth-
ods in quantum mechanics. When |γ| → |λ|, the
local term can be treated as a perturbation. With
the spirit of the degenerate perturbation theory, the
eigenvalues up to the first order are determined by
the matrix form of
√
λ2 − γ2∑j gjζxj in the subspace
spanned by {|N, l〉′} with |N, l〉′ = S−1 |N, l〉. The cor-
responding perturbed matrix is referred to as H
′
doub,
whose elements H
′
doub are given as 〈N, l′|H
′
doub |N, l〉′ =
(δl,l′+1 + δl+1,l′)G
√
λ2 − γ2Jl/4N , where G =
∑
j gj
and 1/2N stems from the translation symmetry of the η-
pairing state. {〈N, l|} are biorthogonal left eigenvector in
the form of {〈N, l|S}. On the other hand, HI inevitably
induce the tunneling from the considered subspace to the
other subspace such that the high-order correction to the
eigenenergies should be considered. However, the high-
order correction term is proportional to the n-th power
of
(
λ2 − γ2) /U . If the large U limit and the condition
of |γ| → |λ| are taken, then one can throw safely high-
order correction. Performing the inverse transformation
SH ′doubS−1, one can obtain the effective Hamiltonian in
the doublon invariant subspace
Hdoub =
λG
4N
N−1∑
l=−N
Jl |N, l〉 〈N, l + 1|+ H.c.
+
N∑
l=−N
(
iγlG
2N
+
NU
2
) |N, l〉 〈N, l| . (14)
It is a typical non-Hermitian hypercube. When |λ| = |γ|,
an EP(2N + 1) will be formed no matter which site a
local imaginary field is applied to. The corresponding
coalescent state is the same with Eq. (13). We stress
that such coalescent state is protected by pair interaction
during the time evolution.
To verify the conclusion above, we plot the eigenener-
gies of H as functions of γ/λ in Fig. 1. Here, we as-
sume that the local imaginary field and pair fluctuation
is applied to site 1 unless stated otherwise. On (γ/λ) is
introduced to quantify the similarity between eigenstates
|Φ1 (γ/λ)〉 and |Φn (γ/λ)〉 of Hdoub, which is defined as
On (γ/λ) = |〈Φ1 |Φn〉| /
√
|〈Φ1 |Φ1〉| |〈Φn |Φn〉|, (15)
where |Φ1〉 is the eigenstate with lowest eigenenergy.
From the Fig. 1, we find that a critical imaginary field
cannot only make the degenerate η-pairing states of H0
coalesce but also turn the other degenerate states to a co-
alescent state and therefore form the multiple high-order
EPs of the spectrum. This phenomenon can be under-
stood as follow: for the other eigenstate |ϕ0〉 of H0, one
can also construct an invariant subspace by acting η+ on
such state. The new degenerate subspace belongs to the
different eigenvalue of η2. Taking the same procedures we
have done in Hdoub, a local imaginary field can induce a
hypercube-like Hamiltonian as in Eq. (14) which shares
the same EP with Hdoub. The order of EP depends on
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FIG. 1: Plots of the eigenenergies E of H and On (λ/γ) as functions of λ/γ for the system with one site subjected to the local
imaginary field for (a-c) (N = 1) and two sites subjected to the local imaginary field for (d-f) (N = 2). The other system
parameters are U = 3t, g1 = 0.2t (gj = 0, j 6= 1) for (a) and U = 2.5, g1 = 0.2t, g2 = 0.1t (gj = 0, j 6= 1, 2). The red and green
shaded regions divides the system into two phases, namely the phase with full real spectrum and complex spectrum. The 2-site
non-Hermitian Hubbard model contains four EPs with order of 2 and one EP with order of 3. Figs. 1(a)-1(c) covers all the
possible types of EP. The corresponding coalescent can be identified by η and spin symmetry. Figs. 1(a)-1(b) represent the EP
with same order which is formed in the subspace denoted by η2 = 3/4, sz = 1/2 and η
2 = 3/4, sz = −1/2, respectively. The
Fig. 1(c) depicts the formation of EP3 within the subspace with η2 = 2, sz = 0. Figs. 1(d)-1(f) describes three types of EP in
the subspace of η2 = 3/4, sz = 1, η
2 = 3/4, sz = 1/2, and η
2 = 6, sz = 0, respectively. It is shown that a local non-Hermitian
impurity can induce coalescent of the eigenstates which can be demonstrated by the behavior of the level repulsion around
|λ/γ| = 1 in the upper two panels. The lower panel of each subfigures shows the degree of similarity among eigenstates. Notice
that all the coalescent states in each subspace possess the geometric multiplicity of 1, which indicates that the formation of
such states shares the same mechanism.
the degeneracy of eigenenergy of H0. This can be demon-
strated in Fig. 1. Notice that the system can harbour
many EPs with same order that can be identified by the
spin symmetry. This result confirms our conclusion on
the one hand, and tells us that the cooperation between
the local imaginary field and pair fluctuation can accom-
plish a great task with little effort by clever maneuvers
on the other hand. The dramatic change of the eigen-
states around EP is the key to understand the following
interesting dynamics.
IV. DYNAMICAL PREPARATION OF A
STEADY STATE WITH ODLRO
In Yang’s seminar paper52, the η-pairing states are
metastable so that they cannot exist stably in the real
physical system due to destructive interference from the
short-range coherence. In this section, we propose a dy-
namic scheme to generate a steady state with ODLRO.
The scheme is based on the intriguing features of high-
order EPs under the influence of a local imaginary field.
It can be seen from the previous section that the system
spectrum at the EP consists of many types of high-order
EPs. As such the system can be decomposed into multi-
ple Jordan blocks owing to the existence of various high-
order EPs. In each subspace, an arbitrary initial state
5will evolve towards the coalescent state and its probabil-
ity will increase over time in power law according to the
order of EP54,55. Then, a natural question arises: How
is the dynamics of such a critical non-Hermitian system?
It can be speculated that for an arbitrary initial state, its
time evolution depends on the interplay among different
types of EP. If the evolution time is long enough, then
the highest order EP will determine the final state as the
probability in its subspace grows fastest than those in the
other subspaces. From this point, the steady state can
be generated through dynamical evolution at EP. In the
following, we will demonstrate this fascinating behavior
through a critical interacting system and investigate the
pair correlation of the final evolved state.
Let us consider the critical system with the local imagi-
nary field and pair fluctuation, the Hamiltonian of which
can be expressed by setting j = 1 and λ = γ of Eq.
(3). The scheme is that taking the |N,−N〉 = |Vac〉 as
an initial state and the final state can be achieved by
driving critical non-Hermitian Hamiltonian. According
to the aforementioned statement, the effective Hamil-
tonian Hdoub is the key to arrive at the analytical ex-
pression of propagator U = exp(−iHdoubt). For simplic-
ity, we first transform Hdoub to a standard Jordan block
form (block upper triangular form). Notice that Hdoub
is a nilpotent matrix with order 2N + 1 and the geo-
metric multiplicity of |Φc〉 is 1. Therefore, 2N general-
ized eigenstates should be introduced to complete this
transformation. Such states {|Φric 〉, i = 1...2N} can be
generated from |Φc〉 (see Appendix A for more details).
Performing transformation A = [|Φc〉 , |Φr1c 〉 ..., |Φr2Nc 〉]
on Hdoub, we can obtain H
s
doub = A
−1HdoubA whose
matrix element is
〈
N,Al
∣∣Hsdoub |N,Al′〉 = δl+1,l′g1/2N
with
{|N,Al〉 = A−1 |N, l〉} and {∣∣N,Al〉 = A† |N, l〉}.
Straightforward algebra shows that the propagator in this
new frame can be given as
〈
N,Al
∣∣A−1UA |N,Al′〉 = (−it/2N)l′−l
(l′ − l)! h (l
′ − l) , (16)
where h (x) is a Heaviside step function with the form of
h(x) = 1 (x ≥ 0), and h(x) = 0 (x < 0). Notice that the
overall phase e−iNU/2 is neglected since it does not affect
the physical observable. Considering an arbitrary initial
state of this subspace,
∑
l cl (0) |N,Al〉, the coefficient
cm (t) of the evolved state can be given as
cm (t) =
∑
l
(−it/2N)l−m
(l −m)! h (l −m) cl (0) . (17)
It clearly shows that no matter how the initial state is
selected, the coefficient c−N (t) of evolved state always
contains the highest power of time t. Consequently, the
component c−N (t) of the evolved state overwhelms the
other components ensuring the final state is a coalescent
state |N,A−N 〉 under the Dirac normalization. The dif-
ferent types of the initial state just determines how the
total Dirac probability of the evolved state increases over
time. Now we return to the original frame, the final state
can be given as |Φc〉 = A |N,A−N 〉, which is the coales-
cent state of Hdoub at EP. According to the Appendix B,
the correlation of the expected steady state is
〈Φc| η+i η−j |Φc〉 =
{
1/4, for i 6= j
1/2, for i = j
. (18)
It has ODLRO and is independent of the relative distance
r = j − i 6= 0 between the two operators. This intrigu-
ing property is in stark difference to the result obtained
in Ref.44, in which the correlation of the steady state
decay as the increase of r. Furthermore, we investigate
the other correlator 〈Φc| η+i |Φc〉 that is shown to be zero
in the recent experimental and theoretical study44,45.
Straightforward algebra shows that 〈Φc| η+i |Φc〉 = −i/2.
Such quantity is reminiscent of the order parameter 〈b†i 〉
(b†i represents the boson creation operator) that describes
the quantum phase transition from the Mott insulator
to superfluid in the Bose-Hubbard model. The nonzero
value may imply some important physical property and
give further insight into the non-Hermitian Hubbard
model.
To check this understanding, we perform a numeri-
cal simulation and present the results in Fig. 2 with
an initial state being |Ψ (0)〉 = |N,−N〉. We inspect
the time dependence of two correlators | 〈Ψ (t)| η+i |Ψ (t)〉 |
and 〈Ψ (t)| η+i η−j |Ψ (t)〉. It can be shown that the final
values of the two correlators are 1/2, and 1/4, which
agree with our analytical results. The number of local
imaginary fields only changes the relaxation time tr and
does not change the final value of the correlator. The
systems that realize the proposed dynamic scheme are
all with the reach of ongoing experiments. Hence, such a
scheme offers a unique perspective to generate a steady
superconducting-like state in a variety of materials.
V. SUMMARY
In summary, we have investigated some general aspects
of the non-Hermitian Hubbard model. We have shown
that the presence of the local imaginary field and pair
fluctuation can drastically change its microscopic behav-
ior and manifest a variety of collective and cooperative
phenomena at the macroscopic level. Specifically, the
whole real spectrum of such a non-Hermitian interacting
system can be achieved in a wide range of parameters
even though a local imaginary field is applied. At EP,
the interplay between the local imaginary field and on-
site pair fluctuation can lead to a coalescent state with
the geometric multiplicity of 1, which is protected by
the on-site pair interaction. η-pairing symmetry plays
the key role to understand the formation of the high-
order EP. Comparing with the other schemes in Refs.44,45
that produce a superconducting-like state, the critical
strongly correlated system in our scheme favors super-
conductivity on a long time scale. The corresponding
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FIG. 2: (a)-(d) Evolution of the correlators | 〈Φ (t)| η+i |Φ (t)〉 |
and 〈Φ (t)| η+i η−i+r |Φ (t)〉, averaged over all sites for the 4 site
Hubbard model. The initial state is prepared in vacuum state
|Vac〉 of H0 with interaction U = 2t, and then it is driven
by the system with the local imaginary field g1 = g = 0.2t
for (a) and (c), and homogeneous dissipation gj = g = 0.2t
(j = 1..., N) for (b) and (d), respectively. Notice that HI is at
EP such that λ/γ = 1. (e)-(f) The correlation values of steady
state for different relative distance (〈Ψ (tf )| η+i η−j |Ψ (tf )〉) at
relaxation time tf = 400t for (e) and tf = 100t for (f). It
is shown that 〈Ψ (tf )| η+i η−j |Ψ (tf )〉 = 1/4 for i 6= j and
〈Ψ (tf )| η+i η−j |Ψ (tf )〉 = 1/2 for i = j, which confirms the
understanding in the main text.
steady state with ODLRO can be generated through time
evolution from an arbitrary initial state. The realiza-
tion of this scheme does not depend on the location of
the local imaginary filed and pair fluctuation. Hence,
this scheme does open up the possibility of generating a
steady superconducting-like state with a long coherence
time in a variety of experimental platforms.
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Appendix A: the derivation of the generalized
eigenstates {|Φric 〉}
In this subsection, we demonstrate how to generate
generalized eigenstates {|Φric 〉}. When γ = λ, the ef-
fective Hamiltonian Hdoub is a nilpotent matrix with
order 2N + 1 such that (Hdoub)
2N+1
= 0 and the
coalescent eigenstate |Φc〉 has the geometric multiplic-
ity of 1. Therefore, one should introduce 2N gen-
eralized eigenstates {|Φric 〉 to perform the transforma-
tion A = [|Φc〉 , |Φr1c 〉 ..., |Φr2Nc 〉], which transform the
Hamiltonian Hdoub to a standard Jordan block H
s
doub =
A−1HdoubA with upper triangular form. The generalized
eigenstates {|Φric 〉} can be generated by |Φric 〉 following
the steps below:
First, we consider the relation
HdoubA = AH
s
doub, (A1)
where Hdoub and H
s
doub are in the matrix form
Hdoub =
λG
4N

−2iN J−N
J−N
. . .
. . .
. . .
. . . JN−1
JN−1 2iN
 , (A2)
and
Hsdoub =
λG
2N

1
. . .
1
 . (A3)
Here we omit the on-site interaction term for conve-
nience. Then the generalized eigenstates can be obtained
by applying Hdoub to coalescent state step by step,
Hdoub |Φc〉 = 0 |Φc〉 , (A4)
Hdoub |Φr1c 〉 = |Φc〉 , (A5)
· · ·
Hdoub |Φri+1c 〉 = |Φric 〉 , (A6)
Hdoub |Φr2Nc 〉 = |Φr2N−1c 〉 . (A7)
In the following, we take N = 1 as an example to give
the concrete expression of A. Starting from |Φc〉 =[
1,
√
2i, − 1]T /2, we can obtain |Φr1c 〉 = [i, √2/2, 0]T
according to Eq. (A5). Obviously, the selection of |Φr1c 〉 is
not unique. With the aid of relation Hdoub |Φr2c 〉 = |Φr1c 〉,
the transformation matrix of A can be given as
A =
1
2
 1 2i −2√2i −√2 0
−1 0 0
 . (A8)
One can check that Hsdoub = A
−1HdoubA. Here we
emphasize that population in
∣∣Φri+1c 〉 is transferred to
|Φric 〉 during the time evolution owing to the fact that
7Hdoub
∣∣Φri+1c 〉 = |Φric 〉. After the relaxation time, all
the initial states will evolve to the final coalescent state.
This mechanism serves as the building block to generate
a steady state with ODLRO.
Appendix B: derivation of two correlators
In this subsection, we concentrate on the correlator
〈Φc| η+i η−j |Φc〉. Before proceeding the calculation, we
have known that the final evolved state |Φc〉 is a high-
order coalescent state with geometric multiplicity being
1. The wave function can be given as
〈N, l |Φc〉 = ( i
2
)N
√
CN+l2N (i)
l
, (B1)
where |N, l〉 = Ω−1 (η+)N+l |Vac〉 with Ω =
√
CN+l2N .
Straightforward algebra shows that
η−j |Φc〉 = (
i
2
)N
∑
l
(i)
l
(
∑
n 6=j
η+n )
N+l |Vac〉 . (B2)
Combining with
η−i |Φc〉 = (
i
2
)N
∑
l
(i)
l
(
∑
n 6=i
η+n )
N+l |Vac〉 , (B3)
one can readily obtain
〈Φc| η+i η−j |Φc〉 = (4)−N
N−2∑
l=−N
CN+l2N−2 =
1
4
. (B4)
Interestingly, the correlation function of such a steady
state is irrelevant to the relative distance r = j − i be-
tween the two operators. This feature may facilitate fu-
ture experiment in generating superconduting-like state.
On the other hand, we investigate the correlator
〈Φc| η+i |Φc〉. With the same spirit, one can give the ex-
pression
η+i |Φc〉 = (
i
2
)N
∑
l
(i)
l
(
∑
n 6=i
η+n )
N+lη+i |Vac〉 , (B5)
which yields the result
〈Φc| η+i |Φc〉 = −i2−N
N−1∑
l=−N
CN+l2N−1 = −
i
2
. (B6)
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